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1. Introduction
Let d be the degree of an irreducible character of a ﬁnite group G . Since d divides |G|, we can write
|G| = dm for some integer m, and since |G| d2, we have m d. We can thus write m = d+ e, where
e  0, and we have |G| = d(d + e). It is a triviality that e = 0 if and only if |G| = 1, and Y. Berkovich
showed that e = 1 if and only if either |G| = 2 or G is a 2-transitive Frobenius group. (See Theorem 7
of [1].) In particular, if e = 1, there is no upper bound on |G|.
N. Snyder showed in [7] that if e > 1, then |G| ((2e)!)2. (He also classiﬁed the groups for which
e = 2 and e = 3, and in these cases it turns out that the best possible upper bounds are |G| 8 and
|G| 54, respectively.) Our objective in this paper is to replace Snyder’s factorial upper bound with a
polynomial bound, and in fact, we prove that |G| Be6 for some universal (but not explicitly known)
constant B . Although in many cases, we show that |G|  e6 + e4, there is one situation where we
need to appeal to recent work [6] of Michael Larsen, Gunter Malle and Pham Tiep to obtain our upper
bound, and this is where the constant B arises. As might be expected, the Larsen–Malle–Tiep theorem
about irreducible character degrees of simple groups depends on the simple group classiﬁcation, but
it also depends on some very delicate and diﬃcult computations. (The paper [6], was written in
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expected that such a substantial effort would be required to obtain an answer.)
It is not clear that the upper bound Be6 has the “right” order of magnitude, and perhaps an
exponent smaller than 6 would suﬃce. Snyder pointed out, however, that no exponent smaller than 4
would work. In a private communication, he called my attention to certain groups G of order q3(q−1),
where q is an arbitrary prime power. These groups have irreducible characters of degree d = q(q− 1),
and thus |G| = d(q2) = d(d+q), and we have e = q. Then |G| = e4 − e3, and so the group order cannot
be bounded by Ber if r < 4. One way to construct groups like this is as 3× 3 matrices over the ﬁeld
F of order q. Speciﬁcally, we can take G to be the set of matrices of the form
[1 x z
0 1 y
0 0 a
]
,
where x, y, z ∈ F are arbitrary, and a ∈ F is nonzero. It is fairly easy to check that this group of order
q3(q − 1) actually does have an irreducible character of degree q(q − 1).
Before stating our results, it seems appropriate to bring the reader up to date on developments
during the months that this paper was in the referee’s hands. First, I should mention the paper [2],
by Christina Durfee and Sara Jensen, which shows that it is not actually necessary to use any simple
group theory at all to get an upper bound of e6 − e4 if e > 1. (In particular, Durfee and Jensen remove
any reference to the mysterious constant B and to the Larsen–Malle–Tiep theorem.) Also, in a private
communication, Mark Lewis told me about some of his ongoing work, which may yield an upper
bound with what seems to be the “correct” order of magnitude, e4.
The ﬁrst of our upper-bound results includes all solvable groups.
Theorem A. Let |G| = d(d + e), where d is the degree of some irreducible character of G and e > 1. If G has
an abelian minimal normal subgroup, then |G| e6 + e4 .
Our proof of Theorem A relies on a result of S. Gagola, which was also used by Snyder in [7].
Gagola’s theorem (Theorem 6.2 in [3]) concerns groups with minimal normal elementary abelian p-
subgroups, and it is not hard to prove if p > 2. To handle the case p = 2, however, Gagola appealed
to the classiﬁcation of simple groups, and since Snyder wanted his paper to be independent of the
classiﬁcation, he avoided using this case of Gagola’s theorem. (Speciﬁcally, Gagola needed to know
which simple groups have cyclic Sylow subgroups for all odd primes.) In the ﬁnal section of this paper,
we give a new classiﬁcation-free proof for the p = 2 case of Gagola’s theorem, and for completeness,
we also include what is essentially Gagola’s easy argument for the p > 2 case.
We obtain an upper bound even better than that in Theorem A in the following situation.
Theorem B. Let |G| = d(d + e), where d is the degree of some irreducible character of G. If G has two non-
abelian minimal normal subgroups, then |G| e4 + e3 .
If neither Theorem A nor Theorem B applies, G has a unique minimal normal subgroup N , and
N is nonabelian. Here we obtain an upper bound with order of magnitude e6, but the actual bound
depends on the (unique up to isomorphism) nonabelian simple group that appears as a direct factor
of N .
To state our result, we deﬁne a numerical invariant δ(X) for an arbitrary ﬁnite group X . Let b be
the maximum of the degrees of the irreducible characters of X , and let r be the number of irreducible
characters of X that have degree b. Then |X | rb2, and this inequality is strict if G is nonabelian. We
write
ε(X) = |X | − rb
2
b2
= 1
b2
∑
ψ∈Irr(G)
ψ(1)<b
ψ(1)2,
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and s is the number of irreducible characters of X that have degree d, then
δ(X) |X | − sd
2
d2
.
This is clear if d = b, and otherwise, we have |X | − sd2  b2, so the right side of the above inequality
is at least b2/d2 > 1 δ(X).
Theorem C. Let |G| = d(d + e), where d is the degree of some irreducible character of G. Suppose that some
minimal normal subgroup of G has a nonabelian simple direct factor S. Then
|G| e
6
δ2
+ e
4
δ
,
where δ = δ(S).
Larsen, Malle and Tiep [6] have shown that the quantity ε(S) (and therefore also δ(S)) is bounded
away from 0 as S runs over all nonabelian simple groups. Together with Theorems A and C, this yields
the following.
Theorem D. Let |G| = d(d + e), where d is the degree of some irreducible character of G and e > 1. Then
|G| Be6 for some universal constant B.
We mention that we know of no example of a nonabelian simple group S for which ε(S) < 1. It
is possible, therefore, that δ(S) = 1 for all nonabelian simple groups, and this would show that the
inequality |G|  e6 + e4 always holds if e > 1. (But actually, the Durfee and Jensen paper [2] yields
the somewhat better inequality |G| e6 − e4.)
2. Some inequalities
We begin with an easy result that indicates why the quantity δ(S) is relevant in Theorem C. In fact,
in the case where G is simple, the following yields a stronger inequality than that given in Theorem C.
(2.1) Theorem. Let G be nonabelian, and write |G| = d(d + e), where d is the degree of some irreducible
character of G. Then
|G| e
2
δ2
+ e
2
δ
,
where δ = δ(G).
Proof. Let s be the number of irreducible characters of G that have degree d. Then
δ  |G| − sd
2
d2
 |G| − d
2
d2
= ed
d2
= e
d
,
where the ﬁrst inequality holds by our remark immediately preceding the statement of Theorem C.
Then d e/δ, and we have
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δ
(
e
δ
+ e
)
= e
2
δ2
+ e
2
δ
,
as required. 
Of course, Theorem 2.1 does not yield a universal bound of the form |G| Be2 because in general,
δ(G) is not bounded away from zero (as it is for simple groups). For example, if G is a Frobenius
group with abelian kernel, then δ(G) = 1/n, where n is the order of the Frobenius complement.
If d  e, then |G| = d(d + e) 2e2, and the conclusions of Theorems A, B and C all hold. We can
assume in everything that follows, therefore, that d > e. In each of our three main theorems, we are
assuming that G is nontrivial, and we ﬁx a minimal normal subgroup N of G . Also, let χ ∈ Irr(G)
with χ(1) = d, and observe that we can write χN = a∑, where a 1 and  is a G-orbit in Irr(N).
We thus have d = χ(1) = atk, where t = || and k is the common degree of the members of . We
hold all of this notation ﬁxed in the following.
(2.2) Lemma.We have a e.
Proof. We begin with an argument that was used by Snyder in [7] to control the possible values of χ .
Let x ∈ G with x = 1, and observe that
0 =
∑
ψ∈Irr(G)
ψ(1)ψ(x) = dχ(x) +
∑
ψ =χ
ψ(1)ψ(x).
Thus
d
∣∣χ(x)∣∣= ∣∣∣∣∑
ψ =χ
ψ(1)ψ(x)
∣∣∣∣ ∑
ψ =χ
ψ(1)
∣∣ψ(x)∣∣ ∑
ψ =χ
∣∣ψ(1)∣∣2 = |G| −χ(1)2.
Since |G| − χ(1)2 = d(d + e) − d2 = de, we obtain |χ(x)| e.
Now χN cannot vanish on every nonidentity element of |N| since otherwise, [χN ,1N ] =
χ(1)/|N| = 0, and thus χN is a multiple of 1N , contradicting the assumption that χ vanishes on
N − {1}. We can thus choose a nonidentity element x ∈ N such that χ(x) = 0. We have
χ(x) = a
∑
θ∈
θ(x),
and thus χ(x)/a is an algebraic integer. Also, since |G| − d2 = ed < d2, it follows that χ is the unique
irreducible character of G with degree d, and thus χ is rational-valued. It follows that χ(x)/a is a
nonzero rational integer, and we have |χ(x)/a| 1. Then a |χ(x)| e, where the second inequality
holds by the computation of the previous paragraph. 
We distinguish two situations. In the “fully-ramiﬁed” case, each member of  lies under a unique
irreducible character of its stabilizer in G . Otherwise, we are in the “not-fully-ramiﬁed” case, where
each member of  lies under at least two distinct irreducible characters of its stabilizer.
(2.3) Lemma.We have ta2  |G : N|. Equality holds if and only if we are in the fully-ramiﬁed case, and in the
not-fully-ramiﬁed case, we have t2k2  ed.
Proof. Let θ ∈  and let T be the stabilizer of θ in G . We can write
θ T =
∑
ψ
bψψ,
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so
|T : N|θ(1) = θ T (1) =
∑
ψ
bψψ(1) =
∑
ψ
(bψ)
2θ(1),
and so
∑
ψ
(bψ)
2 = |T : N|.
One of the constituents of θ T is the Clifford correspondent η of χ with respect to θ , and we have
bη = a. Then a2  |T : N| and equality occurs if and only if η is the unique irreducible constituent
of θ T . Otherwise, let ψ be a constituent different from η and write ξ = ψG . Then ξ(1) = |G : T |ψ(1)
|G : T |θ(1) = tk. Also, ξ is an irreducible character of G different from χ , and thus ξ(1)2+χ(1)2  |G|.
Then
t2k2  ξ(1)2  |G| −χ(1)2 = d(d + e) − d2 = ed,
as wanted. 
(2.4) Corollary. In the not-fully-ramiﬁed case, we have |G| < e6 + e4 .
Proof. We have t2k2  ed by Lemma 2.3, and thus
d2 = a2t2k2  a2de  de3,
since a e by Lemma 2.2. Then d e3 and |G| = d(d + e) e6 + e4, as wanted. 
(2.5) Lemma.We have |N| − tk2  ek/a.
Proof. By Lemma 2.3, we have a2t  |G : N|, so
kd(d + e) = k|G| = k|N||G : N| k|N|a2t = ad|N|,
where the last equality holds because d = atk. Then k(d + e) a|N|, so
ek a|N| − kd = a|N| − atk2 = a(|N| − tk2),
and the desired inequality follows. 
We already know that a e. The next result yields more precise information in certain situations.
(2.6) Lemma. Suppose that there exist α,β ∈ Irr(N) −  such that αβ has an irreducible constituent in .
Then t  (e/a)2 .
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they are distinct from the t members of , each of which has degree k. It follows that
|N| |G : A|α(1)2 + tk2,
and this yields
|G : A|α(1)2  |N| − tk2  ek
a
,
where the second inequality holds by Lemma 2.5. We thus have
|G : A| ek
aα(1)2
and similarly, |G : B| ek
aβ(1)2
,
where B is the stabilizer of β in G .
Now let θ ∈  be an irreducible constituent of αβ , and let T be the stabilizer of θ in G . Since
A ∩ B stabilizes αβ , every member of the (A ∩ B)-orbit of θ is a constituent of αβ . This orbit has size
|(A ∩ B) : (A ∩ B ∩ T )|, so we have
∣∣(A ∩ B) : (A ∩ B ∩ T )∣∣θ(1) α(1)β(1),
and thus
∣∣(A ∩ B) : (A ∩ B ∩ T )∣∣ α(1)β(1)
θ(1)
= α(1)β(1)
k
.
Now
t = |G : T | ∣∣G : (A ∩ B ∩ T )∣∣= ∣∣G : (A ∩ B)∣∣∣∣(A ∩ B) : (A ∩ B ∩ T )∣∣
 |G : A||G : B|∣∣(A ∩ B) : (A ∩ B ∩ T )∣∣
 ek
aα(1)2
ek
aβ(1)2
α(1)β(1)
k
= e
2
a2
k
α(1)β(1)
 e
2
a2
,
where the last inequality holds since k = θ(1) α(1)β(1). 
3. The nonabelian case
In this section, we assume that N is nonabelian. Then N is a direct product of isomorphic non-
abelian simple groups, and we let S be one of these.
(3.1) Lemma.We have t  (e/a)2 .
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stituent of αβ . Since S is nonabelian simple, it has at least two nonprincipal characters of different
degrees, and these are necessarily faithful. It follows that N has at least two faithful irreducible char-
acters of different degrees, and thus N has a faithful irreducible character α such that α(1) = k. Since
all members of  have degree k, we see that α /∈ .
Since α is faithful, Theorem 4.3 of [4] guarantees that every irreducible character of N appears as
a constituent of αm for some integer m 0, and we choose m minimal such that αm has a constituent
θ ∈ . If  = {1N }, take β = α. Otherwise, m > 0 and there is some irreducible constituent β of αm−1
such that θ is a constituent of αβ . Also, β /∈  by the minimality of m. .
We can now prove Theorem B, which we restate.
(3.2) Theorem. Let |G| = d(d + e), where d is the degree of some irreducible character of G. If G has two
nonabelian minimal normal subgroups, then |G| e4 + e3 .
Proof. Since we can assume that d > e, our previous lemmas apply. Let N1 and N2 be distinct non-
abelian minimal normal subgroups of G , and write M = N1N2 = N1 × N2. Let ϕ be an irreducible
constituent of χM , and write ϕ = θ1 × θ2, where θi ∈ Irr(Ni). Assume, as we may, that θ1(1) θ2(1),
and let N = N1. Then ϕN = θ2(1)θ1, so θ1 appears with multiplicity at least θ2(1) θ1(1) in χN . In our
earlier notation, therefore, we have a k. Then d = atk a2t  e2, where the ﬁnal inequality holds by
Lemma 3.1. Then |G| = d(d + e) < e2(e2 + e) = e4 + e3. 
In order to prove Theorem C, we need the following.
(3.3) Lemma. Let X and Y be arbitrary ﬁnite groups. Then
ε(X) + ε(Y ) ε(X × Y ) and δ(X) δ(X × Y ).
Proof. It suﬃces to prove the ﬁrst inequality since that yields ε(X) ε(X × Y ), and thus
δ(X) = min(1, ε(X))min(1, ε(X × Y ))= δ(X × Y ),
as wanted.
Let b be the maximum irreducible character degree of X , and let r be the number of characters of
degree b in Irr(X). Then
ε(X) = |X | − rb
2
b2
= 1
b2
( ∑
α∈Irr(X)
α(1) =b
α(1)2
)
,
and similarly, if c is the maximum irreducible character degree of Y , we have
ε(Y ) = 1
c2
( ∑
β∈Irr(Y )
β(1) =c
β(1)2
)
and
ε(X × Y ) = 1
b2c2
( ∑
γ∈Irr(X×Y )
γ (1) =bc
γ (1)2
)
.
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Irr(Y ) with degree c, the product character α × β runs over a set of irreducible characters of X × Y
with degree different from bc. Similarly, if we ﬁx α ∈ Irr(X) with degree b and we let β run over
irreducible characters of Y of degree different from c, the product character α×β runs over a disjoint
set of irreducible characters of X × Y with degree different from bc. It follows that
c2
( ∑
α∈Irr(X)
α(1) =b
α(1)2
)
+ b2
( ∑
β∈Irr(Y )
β(1) =c
β(1)2
)

∑
γ∈Irr(X×Y )
γ (1) =bc
γ (1)2.
Dividing through by b2c2, we obtain
ε(X) + ε(Y ) ε(X × Y ),
as wanted. 
We are now ready to prove Theorem C, which we restate.
(3.4) Theorem. Let |G| = d(d+e), where d is the degree of some irreducible character of G. Suppose that some
minimal normal subgroup of G has a nonabelian simple direct factor S. Then
|G| e
6
δ2
+ e
4
δ
,
where δ = δ(S).
Proof. We can assume d > e, so our previous lemmas apply. Let s be the total number of irreducible
characters of N that have degree k. Then
δ = δ(S) δ(N) |N| − sk
2
k2
 |N| − tk
2
k2
 e
ka
,
where the ﬁrst inequality holds by Lemma 3.3 and the ﬁnal inequality is a consequence of Lemma 2.5.
Then
d = atk et
δ
 e
3
δ
,
where the last inequality holds since t  (e/a)2  e2 by Lemma 3.1. Then
|G| = d2 + de  e
6
δ2
+ e
4
δ
and the proof is complete. 
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We assume now that N is abelian, and thus k = 1 and d = ta. Also, the minimal normal subgroup
N of G is an elementary abelian p-group for some prime p, and it is irreducible as a G-module. Now
Irr(N) is also a G-module, and since it is dual to N , it too is irreducible. It follows that the only
G-invariant subsets of Irr(N) that are subgroups are {1N } and Irr(N) itself. Also, since N is nontrivial,
we have t = || |Irr(N)| − 1 = |N| − 1.
Our goal is to show that |G| e6 + e4, so by Corollary 2.4, we can assume from now on that we
are in the fully ramiﬁed case.
(4.1) Lemma. If t < |N| − 1 or  = {1N }, then |G| e4 + e3 .
Proof. Let Ω = Irr(N) − . We argue that Ω is not a subgroup of Irr(N). If  = {1N }, this is clear
since Ω does not contain the identity, and otherwise,
|N| > |Ω| = |N| − || = |N| − t > 1.
Since Ω is a G-invariant subset of Irr(N) and |Irr(N)| > |Ω| > 1, we see that in this case too, Ω cannot
be a subgroup of Irr(N). Then Ω is not closed under multiplication, so there exist linear characters α
and β in Ω −  such that αβ ∈ . By Lemma 2.6, therefore, t  (e/a)2, and thus d = ta e2/a e2.
Then |G| = d(d + e) e4 + e3, as required. 
What remains now is the case where t = |N|−1 and  is exactly the set of nonprincipal characters
of |N|. Since we are in the fully-ramiﬁed case, each nonprincipal linear character N is fully ramiﬁed
in its stabilizer, and |G : N| = a2t by Lemma 2.3. We assume all of this now.
The following result establishes Theorem A. It’s proof depends on Theorem 5.1, which is essentially
Gagola’s theorem.
(4.2) Theorem. Under the above assumptions, we have a = e, and if e > 1, then |G| e6 − e4 .
Proof. We have
d(d + e) = |G| = |G : N||N| = a2t(t + 1) = ad(t + 1),
so
d + e = a(t + 1) = at + a = d + a,
and a = e, as wanted.
Now let T be the stabilizer of a nonprincipal linear character of N . Then |G : T | = t , so |T : N| =
a2 = e2 > 1, and T > N . Theorem 5.1 yields |T : N|  |N|, and so t + 1 = |N|  |T : N| = e2. Then
d = at  e(e2 − 1) and d + e  e3. We have |G| = d(d + e) (e3 − e)e3 = e6 − e4. 
5. Gagola’s theorem
In this section, we prove the following result, which includes what is essentially Theorem 6.2
of [3]. We have modiﬁed Gagola’s original statement somewhat so as to make our result more directly
applicable in Section 4.
(5.1) Theorem (Gagola). Let N  G, and assume that the natural action of G on the nonprincipal irreducible
characters of N is transitive. Let θ be a nonprincipal irreducible character of N, and assume that θ is fully
ramiﬁed in its stabilizer T in G. Then N is a p-group for some prime p, and T ∈ Sylp(G). Also, if T > N, then
Op(G) = CG(N) > N, and |T : N| > |N|.
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(5.2) Lemma. Let G act via automorphisms on a nontrivial group N. Then the following are equivalent.
(1) G acts transitively on the set Irr(N) − {1N }.
(2) G acts transitively on the set of nonidentity elements of N.
Also, if (1) and (2) hold, then N is an elementary abelian p-group for some prime p.
Proof. If (1) holds, then all nonprincipal irreducible characters of N have the same degree m, so
|N| = 1 + km2 for some integer k. Since m divides |N|, it follows that m = 1, and thus N is abelian.
By Corollary 6.33 of [4], there are equal numbers of G-orbits on Irr(N) and on the set of conjugacy
classes of N , and (2) follows.
Now assume (2). Then all nonidentity elements of N have equal order, and thus N has exponent p
for some prime p, and in particular, N is a p-group and Z(N) > 1. Also, N has no nonidentity proper
characteristic subgroups, and thus Z(N) = N , and N is abelian. Finally, (1) holds by Corollary 6.33
of [4]. 
(5.3) Lemma. Assuming the hypotheses of Theorem 5.1, the following hold.
(a) G has exactly one irreducible character χ such that N  ker(χ).
(b) χ vanishes on G − N.
(c) If x ∈ G − N, then all elements of the coset Nx are conjugate in G.
(d) If x ∈ G − N, then |CG(x)| = |CG(x)|, where G = G/N.
Proof. Let θ ∈ Irr(N) be nonprincipal. Since the G-orbit of θ includes all nonprincipal characters of N ,
we see that the members of Irr(G|θ) are exactly the irreducible characters of G with kernels not
containing θ . By the Clifford correspondence, |Irr(G|θ)| = |Irr(T |θ)|, where T is the stabilizer of θ
in G . By hypothesis, θ is fully ramiﬁed in T , so |Irr(T |θ)| = 1, and thus there is a unique character
χ ∈ Irr(G) with N  ker(χ). By the Clifford correspondence, χ = ηG , where η is the unique member
of Irr(T |θ). Since θ T is a multiple of η, it follows that η vanishes on T −N , and this proves (a) and (b).
Now let y ∈ Nx, where x ∈ G − N . To prove that x and y are conjugate in G , it suﬃces to show
that ψ(x) = ψ(y) for all ψ ∈ Irr(G). This certainly holds if N ⊆ ker(ψ), and since χ(x) = 0 = χ(y),
we have (c). Finally, (d) follows by the second orthogonality relation since χ(x) = 0 and χ is the only
irreducible character of G that is not also an irreducible character of G/N . 
In the situation of Theorem 5.1, it follows by Lemma 5.2 that N is an elementary abelian p-group.
In the case where p = 2, Gagola proved his result via an appeal to the simple group classiﬁcation, but
we use a different, more elementary argument.
Proof of Theorem 5.1. By Lemma 5.2, we see that N is an elementary abelian p-group for some
prime p. Now G is transitive on the |N| − 1 nonprincipal linear characters of N , and since T is the
stabilizer of one of them, |G : T | = |N| − 1. Then |G : T | is not divisible by p, and so to prove that
T is a Sylow p-subgroup of G , it suﬃces to show for all primes q = p that q does not divide |T |.
Let Q ∈ Sylq(T ). The linear character θ of N is invariant in NQ and NQ splits over N , and hence
θ extends to NQ . Let ϕ ∈ Irr(NQ ) be an extension of θ , and observe that ϕT (1) = |T : NQ | is not
divisible by q. Now θ lies under a unique irreducible character η of T , and hence ϕT is a multiple
of η, and thus q does not divide η(1). But η(1)2 = |T : N|, and hence q does not divide |T : N|. Then
q does not divide |T | = |T : N||N|, and it follows that T ∈ Sylp(G), as wanted.
Since N  T and T is a p-group, there exists a nonidentity element x ∈ N such that T ⊆ CG(x). But
G is transitive on the nonidentity elements of N by Lemma 5.2, and thus |G : CG(x)| = |N|−1 = |G : T |.
It follows that T = CG(x), and thus the centralizer in G of every nonidentity element of N is a p-
group.
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a p-group, and thus CG(N) ⊆ Op(G). To prove the reverse containment, note that N ∩ Z(Op(G)) is a
nontrivial normal subgroup of G , and since N is minimal normal, it follows that N ⊆ Z(Op(G)), and
thus Op(G) ⊆ CG(N).
If CG(N) > N , choose x ∈ CG(N) − N , and observe that N〈x〉 ⊆ CG(x). Since CG(N) is a p-group,
N〈x〉 is a p-group, and thus |CG(x)| is divisible by p|N|. By Lemma 5.3(d), we have |CG(x)| = |CG(x)|,
and thus p|N| divides |G|, where G = G/N . Since T /N is a Sylow p-subgroup of G/N , we see that
|T /N| is divisible by p|N|, and thus |N| < |T /N| as wanted. To complete the proof of the theorem,
therefore, it suﬃces to show that if T > N then CG(N) > N .
Assuming now that T > N , suppose that CG(N) = N . We work to obtain a contradiction. Suppose
ﬁrst that p > 2, so that |G : T | = |N| − 1 is even, and there is an involution x in G . Since x is not a
p-element, CN (x) = 1, and thus x acts to invert the elements of N . If y is conjugate to x in G , then y
also inverts the elements of N , and thus x−1 y ∈ CG(N) = N , and we have [x,G] ⊆ N . Then x is central
in G , where G = G/N , and we have |CG(x)| = |CG(x)| = |G| by Lemma 5.3(d). Then |CG(x)| = |G : N|,
and since CG(x)∩N = 1, it follows that CG(x) complements N in G . We conclude that T splits over N ,
and thus since θ is linear, θ extends to T . But θ is fully ramiﬁed in T , and this forces T = N , which
is a contradiction, as wanted.
Now assume that p = 2, so T is a nontrivial 2-subgroup of G , where as before, G = G/N . It follows
that G contains some involution x. Then x induces an automorphism of order 2 of the elementary
abelian 2-group N , and it follows by linear algebra that [N, x, x] = 1, and so [N, x] ⊆ CN (x). Also, since
N is abelian, the map n → [n, x] is a homomorphism with kernel CN (x) and image [N, x], and thus
|CN (x)||[N, x]| = |N|. Since [N, x] ⊆ CN (x), it follows that |CN (x)| √|N|, and if equality occurs, we
see that CN (x) = [N, x].
Now O2(G) = CG(N) = N , and thus O2(G) is trivial. In particular, x /∈ O2(G), and we conclude
by Theorem 2.13 of [5] that x inverts some element g ∈ G of odd prime order, and thus x g is an
involution. Write y = xg , so that y is an involution, and by the above reasoning, |CN (y)|√|N|. We
have CN (x) ∩ CN (y) ⊆ CN (g) = 1, where the ﬁnal equality holds since g does not have 2-power order
because g has odd prime order. Since each of |CN (x)| and |CN (y)| is at least √|N|, we deduce that
|CN (x)| = √|N|, and thus CN (x) = [N, x].
Next, we consider the subgroup M = N〈x〉, which has order 2|N| since x is an involution. Now
[N, x]M and M/[N, x] is abelian since x centralizes N modulo [N, x], and it follows that [N, x] = M ′ .
Also, since N is abelian and |M : N| = 2, each irreducible character of M has degree at most 2, and
thus M has exactly |M : [N, x]| linear characters, and the remaining irreducible characters of M have
degree 2.
We argue that every irreducible character of M is afforded by a real representation. This is clear
for the irreducible characters of degree 2 since each of them is induced from a linear character of the
elementary abelian 2-subgroup N . To handle the linear characters, it suﬃces to show that M/M ′ has
exponent 2, or equivalently, that m2 ∈ M ′ for all m ∈ M . This is obvious if m ∈ N , and otherwise, we
have M = N〈m〉, and thus
m2 ∈ Z(M) ∩ N ⊆ CN(x) = [N, x] = M ′.
Now we count characters. Write |N| = q, so |M| = 2q, and the number of linear characters is
|M : [N, x]| = 2q/√q = 2√q. Since all of the remaining irreducible characters have degree 2, their
number is
|M| − 2√q
4
= 2q − 2
√
q
4
= q −
√
q
2
.
Since all of the irreducible characters of M are afforded by real representations, we can apply
Frobenius–Schur theory as in Chapter 4 of [4] to conclude that the number of elements m ∈ M such
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∑
α∈Irr(M)
α(1) = 2√q + 2q −
√
q
2
= q + √q.
Since |N| = q, there must be some involution in M −N = Nx. By Lemma 5.3(c), therefore, all elements
of M − N are involutions, and thus M is elementary abelian. This is a contradiction, however, since
CN (x) < N . 
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